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Abstract. Monte Carlo calculations in the Gibbs ensemble are reported for pure quadrupolar
Lennard-Jones fluids. The vapour-liquid equilibrium curves, critical temperatures, and
critical densities are calculated for various quadrupolar strengths (Q*? = Q%/ec® = 1.0,
1.5, 2.0 and 2.5). It is shown that as the quadrupolar strength increases both the critical
temperature and the critical density increase. Comparison of the results for 0*? = 2.0 with
data from the available literature shows good agreement.

1. Introduction

Until recently it was an enormous and costly task to obtain a vapour-liquid coexistence
curve for a model fluid using computer simulation techniques. The conventional method
is to perform a number of simulations on various isotherms. For each state point the
pressureis calculated and the chemical potential obtained by thermodynamicintegration
or by test particle methods [1, 2]. The densities of the coexisting liquid and vapour phases
ata given temperature are obtained indirectly by equating the pressure and the chemical
potential. Along these lines the vapour-liquid curves of, for example, the Lennard-
Jones fluid [3], quadrupolar Lennard-Jones fluid [4], and a two-centred Lennard-Jones
fluid [5] have been calculated.

Unfortunately, these indirect methods for calculating phase boundaries require
many simulations. Therefore, data on vapour-liquid equilibria of model fluids are rather
scarce, despite their importance for testing various liquid theories [6, 7].

The reason why this cumbersome route is chosen is preference to a simulation of a
system which contains aliquid in coexistence with a vapour is the relatively small number
of particles which can be used in a simulation. For such a small number of particles the
interface between the gas and liquid phase would dominate the properties of the system
and therefore influence the bulk properties.

A new simulation technique proposed by Panagiotopoulos [8], which samples the
Gibbs ensemble, allows the vapour-liquid coexistence curve to be simulated without
the presence of an interface. Therefore data on vapour-liquid equilibria can be obtained
from a relatively small number of particles and, equally important, from one single
simulation. This method has already been used successfully to study the phase behaviour
of the pure Lennard-Jones fluid [8-9] and mixtures of Lennard-Jones fluids [9].
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This article describes the application of Panagiotopoulos’s method to calculate the
vapour-liquid phase behaviour of pure quadrupolar Lennard-Jones fluids. The majority
of existing computer simulation data for quadrupolar fluids have been performed-in
connection with the development of perturbation theories applicable to such fluids [4,
10-13]. Gupta and co-workers have recently demonstrated the importance of qua-
drupolar interactions for the modelling of benzene [14] and naphthalene [15]. In addition
the influence of quadrupolar interactions on the properties of carbon dioxide has long
been recognised. For a quadrupolar Lennard-Jones fluid the vapour-liquid curve has
been determined previously by Shing and Gubbins [4] for Q*? (= 0?/e0”) =2.0 using
‘test particle’ methods for calculating the chemical potential and therefore provides an
additional test of this new elegant technique. Furthermore, we have calculated the
coexistence curves for other values of the quadrupolar strength O* in order to obtain a
more complete picture of the phase behaviour of these fluids.

We continue with a short description of the Gibbs ensemble, followed by some
computational details; finally, we present our results for the quadrupolar Lennard-Jones
fluids studied.

2. The Gibbs ensemble

In his original articles Panagiotopoulos [8, 9] introduced the Gibbs ensemble using
fluctuation theory. Here we derive the acceptance rules using the partition function for
this ensemble [16, 17]. Formal proof of the equivalence of the Gibbs ensemble and the
canonical ensemble in the thermodynamic limit can be found in reference [18].

Consider asystem ata constant volume (V), temperature (7),and number of particles
(N}, which is divided into two (separate) sub-systems labelled 1 and 2. The volumes of
the two sub-systems are V| and V — V, and the numbers of particles in the respective
sub-systems are N; and N — N,. In the partition function for the Gibbs ensemble one
must take into account the number of possible distributions of N particles over the two
sub-systems and allow for variations of the volumes in the sub-systems. This gives, for
the partition function:

N

1 N |4
QMV,T = 2 ( ) f dVI V?l(v— VI)N_HI f d§’111 e_ﬁUl(nl)
0

ASNN! ny=0 \1q
X fdgjzv“"le—ﬁuz(N—M) (1)

where A is the thermal de Broglie wavelength, 8 = 1/kg7T, &, and &, are the scaled
coordinates of the particles, and U(n,) is the intermolecular potential.

The ensemble average of a function f(&") in this ensemble can be obtained from the
partition function (1):

(fEM) = [% CI) fovdv1 Vi'l(v—vl)N‘"lfdale—ﬂu1<n1>
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-1
x fdg?le_ﬂul(nl)J.d/;;lzv~nle*l3Uz(N~n1)] . (2)

This equation represents an ensemble average with a probability distribution pro-
portional to a pseudo-Boltzmann weight factor given by

exp(—BW(ET, Y70 ny, Vi) = explIn{N!/[n, (N — ny)!]}
+nInVi+(N—n) In(V-V,)=BU,(n;) - BU(N—n,)]. (3)

From this pseudo-Boltzmann factor the acceptance rules can be derived [16, 17]. A trial
configuration can be generated by displacing a particle, changing a sub-volume in such
a way that the total volume remains constant, or changing the number of particles in a
sub-volume while keeping the total number of particles constant. From the pseudo-
Boltzmann weight factor (3) we obtain

AW = W(E™, &8 "l V) = W(EM, E57V 7" ng, V1) 4

where ” denotes the configuration of the trial configurations and ' denotes the old
configuration. The new configuration is accepted with a probability P given by

{1 ifAWS=0
exp(—SAW) if AW > 0.

®)

Fundamental thermodynamics states that, for a pure fluid, as the numbers of particles,
temperature and volume are specified, there are no additional degrees of freedom
and the pressure and chemical potential have a given (but generally unknown) value.
Dividing the system is superfluous unless at the given conditions the system would
separate into two phases. In such a case the formation of an (unfavourable) interface
can be avoided in the Gibbs ensemble if the two coexisting phases are located in the two
(separated) sub-systems. Calculating the densities in the two sub-systems yields the
corresponding phase boundaries of the vapour-liquid coexistence curve at a given
temperature, in one single simulation.

3. Computational details

We have performed the simulations in cycles, each cycle having three steps: a dis-
placement step, a change in the volume and attempts to change the number of particles.
In the displacement step every particle in box 1 is successively given a random dis-
placement. The maximum displacement was chosen in such a way that the acceptance
ratio was approximately 50%. The same procedure is repeated for box 2.

The next step is an attempt to change the volume of box 1 by an amount AV, which
results in the volume of box 2 changing by —AV. The maximum volume change is
adjusted to give an acceptance ratio of approximately 50%. We calculated the energy
change associated with this volume change utilising the scaling properties of the Lennard-
Jones potential [19] and the quadrupolar potential.

The final step of the cycle is a number, N, of attempts to insert a particle (we have
used N, = 0.5N). Before each attempt it is decided at random which box will receive a
particle.

The Lennard-Jones potential was truncated at half the box size and the usual long tail
corrections were applied. For each simulation we performed at least 2000 equilibration
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cycles for N =216 and 1000 cycles for N = 512. The number of production cycles
are given in table 1. Most simulations were performed using 216 particles. The N-
dependence was studied by performing a few simulations with 512 particles close to the
critical pointand atlower temperatures, but almost no N-dependence could be observed.
The listed standard deviations were obtained by dividing each simulation into 10 sub-
runs and calculating the block averages.

In his original article Panagiotopoulos [8] suggested that from the interaction
energies, calculated during the exchange step the chemical potential can be obtained
using the Widom expression. The Widom expression [20], however, is strictly valid only
in the N, V, T ensemble. Smit and Frenkel [17] have derived an expression for the
chemical potential applicable to the Gibbs ensemble:

ui=u; +3kgTIn A= —kp TIn{[V,/(n; + 1)] e 7P2U7) (6)

where subscript { indicates box 1 or 2 and AU} is the test particle energy. Note that this
expression becomes identical to the Widom expression when the number of particles is
large and the fluctuations in the density can be neglected [17]. We have used this equation
for the calculation of the chemical potential.

4. Results and discussion

Intable 1, asummary of the results for the simulations performed is presented for various
quadrupolar Lennard-Jones fluids. The results for the pure Lennard-Jones fluid (Q*? =
0) are in close agreement with the results obtained by Panagiotopoulos [8]. In figure 1
we have plotted the vapour-liquid coexistence curves for various quadrupolar strengths.
In figure 1(c) the results of Shing and Gubbins [4] are compared with our results for
(Q*? = 2). This comparison shows that at low temperatures the results from the Gibbs
ensemble are in very good agreement with the results from Shing and Gubbins, which
were obtained from calculations of the chemical potentials using test particle methods.
At temperatures close to the critical point our results differ from the results by Shing
and Gubbins.

We have used these vapour-liquid equilibrium data to estimate the critical tem-
peratures and densities of the fluids. For this purpose we have fitted our results to the
law of rectilinear diameters [21]

(ot +pg)/2=p¢ + A(T* = T¢) (7)

where p* (= po?) is the reduced density, T*(= kg7T/¢) is the reduced temperature and
pd and T are respectively the reduced critical density and temperature. In [18] it is
shown that, due to finite size effects which are specific to the Gibbs ensemble, the
coexistence of the vapour-liquid cannot be observed below the critical temperature.
Therefore, the highest temperature at which the coexistence can be observed in the
Gibbs ensemble is not a proper estimate of the critical temperature of the system. In
order to estimate the critical temperature we have also fitted our results to the scaling
law for the density [21]

pt —pi =B(IT* —T:)F (8)

where S is the critical exponent ( = 0.32). Note that this scaling law is strictly valid
only close to the critical temperature and should be corrected at lower temperatures.
However, due to the inaccuracy of our data and due to the relatively small number of
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Figure 1. Vapour-liquid equilibrium results for various quadrupolar strengths (a) 0*? = 1.0,
(b) 0*2= 1.5, (c) Q*? = 2.0, and (d) Q** = 2.5. T* (= kgT/e) is the reduced temperature
and p* (= pa?) is the reduced density. The points are the results obtained by Monte Carlo
simulations in the Gibbs ensemble. The lines are fits of equation (7) through the ‘rectilinear’
points and of (8) through the vapour—iiquid points. Note that in (c) the broken curve gives
the results of the Monte Carlo simulations of Shing and Gubbins for N = 108 [4]. A: density
gas phase; V: density liquid phase; <: rectilinear law,; @: estimated critical point.

Table 2. Estimates of the critical temperature T; and critical density p? for various qua-
drupolar strengths O*?. The number in parentheses indicates the accuracy as in table 1.

Q*? T Pt

0.0 1.31 0.31]18]
1.0 1.60(2) 0.34(2)
15 1.89(2) 0.36(2)
2.0 2.25(2) 0.38(2)
2.5 2.62(3) 0.41(3)

data, including these higher order terms produces no significant improvement of the fit.
Furthermore, the results for the critical density and critical temperature appear to be
insensitive. The results of these fits are shown in figure 1. The results for the critical

temperature and density are listed in table 2.

Shing and Gubbins [4] obtained for Q** = 2.0 as estimates for the critical points
Ty =238, pf =0.40 for N=32and T =2.33, p¥ = 0.39 for N = 108. As we have
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used more particles (N = 216 and close to the critical point N = 512) we obtained a lower
critical temperature due to the reduced finite size effects.

Summarising, in this article we have demonstrated that Monte Carlo simulations in
the Gibbs ensemble can be applied successfully to study the vapour-liquid equilibria of
a quadrupolar Lennard-Jones fluid. The results for the pure Lennard-Jones fluid and
for the quadrupolar Lennard-Jones fluid (for 0*? = 2.0) are in good agreement with
data in the available literature.

Note added in proof. After the completion of this work, reference [22] came to our attention, in which the
phase behaviour of quadrupolar Lennard-Jones fluids is studied using perturbation theory and Monte Carlo~
Gibbs ensemble calculations. The results of Stapleton er al [22] are in excellent agreement with the results
presented here for Q*? = 1.0and 2.0. The fact that two completely independent studies show such an excellent
agreement is an important demonstration of the reliability of this new simulation technique.

Our results differ in a few aspects from those of Stapleton et al. Although we obtained for 0*? = 2.0 the
same critical temperatures, we have calculated a slightly higher critical density. Furthermore, we observed
that the critical density increases systematically as the quadrupolar strength increases. Another aspect is that
we have used a different expression for the chemical potential. In reference [17] it is shown that for a pure
Lennard-Jones fluid for a small number of particles (N < 100) the results for chemical potentials as obtained
by these two formulae show systematic differences, for a larger number of particles this difference turned out
to be negligible. Comparison of our results for the chemical potential with the results of Stapleton et al also
show no significant differences, as can be expected because in both studies the number of particles is greater
than 100.

References

[1] Allen M P and Tildesley D J 1987 Computer Simulation of Fluids (Oxford: Clarendon)

[2] Frenkel D 1985 Free energy computations and first order phase transitions Molecular Dynamics Simu-
lations of Statistical Mechanics Systems (Proc. 97th Int. ‘Enrico Fermi’ School of Physics) ed G Ciccotti
and W G Hoover

[3] Nicolas J J, Gubbins K E, Street W B and Tildesley D J 1979 Mol. Phys. 37 1429

[4] Shing K S and Gubbins K E 1982 Mol. Phys. 45 129

[5] Gupta S 1988 J. Phys. Chem. 927156

[6] Hansen J P and McDonald I R 1986 Theory of Simple Liquids 2nd edn (London: Academic)

{7] Gray C G and Gubbins K E 1984 Theory of Molecular Fluids. I Fundamentals (Oxford: Clarendon)

(8] Panagiotopoulis A Z 1987 Mol. Phys. 61 813

[9] Panagiotopoulis A Z, Quirke N, Stapleton M and Tildesley D J 1988 Mol. Phys. 63527

[10] Lee LL, Assad E, Kwong H A, Chung T H and Haile J M 1982 Physica A 110235

[11] Wojcik M C and Gubbins K E 1984 J. Phys. Chem. 88 6559

[12] Kohler F and Quirke N 1983 Molecular-based Study of Fluids (Advances in Chemistry Series 204) ed IM
Haile and G A Mansoori (Washington, DC: American Chemical Society)

[13] Williams C P, Gupta S and McLaughlin E 1987 Chem. Phys. Lett. 140 250

[14] Gupta S, Sediawan W B and McLaughlin E 1988 Mo!. Phys. 65 961

{15] Sediawan W B, Gupta S and McLaughlin E 1989 J. Phys. Chem. 90 1888

[16] Frenkel D 1990 Monte Carlo Simulations Computer Modelling of Fluids, Polymers and Solids (Proc.
NATO ASI)ed CR A Catlow

[17] Smit B and Frenkel D 1989 Mol. Phys. 68 951

[18] Smit B, DeSmedt Ph and Frenkel D 1989 Mol. Phys. 68 931

[19] McDonald IR 1972 Mol. Phys. 2341

[20] Widom B 1963 J. Chem. Phys. 39 2802

[21] Rowlinson J S and Swinton F L 1982 Liguids and Liquid Mixtures 3rd edn (London: Butterworth)

[22] Stapleton M, Tildesley D J, Panagiotopoulos A Z and Quirke N 1989 Mol. Simul. 2 147



